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Abstract

In this paper, we describe a class of optimal block diagonal

scalings (preconditionings) of a symmetric positive definite

block 2-cyclic matrix, generalizing a result of Forsythe and

Strauss [I] for (point) 2-cyclic matrices.
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1. Introduction

Let A be an n x n syuetric positive definite matrix and let A be a

class of n x n nonsingular matrices. In this paper, we consider the

problem of finding an E e A which minimizes the condition number

K(EtAE) = I AE)

%n(LtAE)
t

of the scaled (preconditioned) matrix EtAE (here a (EtAE) and % (EtAE)

denote respectively the largest and smallest eigenvalues of EtAE). In

particular, we describe a class of optimal block diagonal scalings

(preconditionings) of a block 2-cylic matrix, generalizing a result of

Forsythe and Strauss 1) that a (point) 2-cyclic matrix is optimally

conditioned with respect to the class of positive diagonal matrices if all

the elements of the diagonal are equal.

2. Optimal 2 x 2 Block Diagonal Scaling

Let A be an n x n symetric positive definite matrix. Then, for any

0 < m < n, A can be written as a 2 x 2 block matrix

D
A C 1

C

where D1 is a x m, D2 is n-m x n-rn, and C is n-m x m. Moreover, the 2 x 2

block diagonal matrix
47 e.

D 0 2 D
2 1

is also symmetric positive definite and hence nonsingular. \4\e,

, Osloml .- \",0%
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Let A(m.n-m) denote the set of AU nonsingular 2 x 2 block diagonal

matrices of the form

90

where E is m x a and E2 is n-m x n-m. The following result describes a

class of optimal scalings E A(m.n-m) for A.

I-&nzm 1: If i e A(m.n-m) and YEt = cD-I for some positive constant c.

then

K(EtfA) = min {K(EtAE) I E c A(m.n-m))

1 0
Let S = where 'k denotes the k x k identity matrix. Then

0 -

2D-A D I - m StAS. ()
-C D2 0 - C D2  0-

Let E e A(m.n-m). Since E is nonsingular. EtAE is symmetric positive

definite so that, by the Rayleigh principle.

ytEtAy ! al(EtAE) yty for all y e Rn  (2)

and

ytEtAy 2 an(EtAE) yty for all y e 1n (3)

By (1). the fact that SE = ES. and (2).

ytEt(2D-A)Ey = yESASy = ytStEtASy S %l(EtAE)ytStSy

so that. since StS 21

ytgt (2D-A)Ky S a1 (KtAZ) yty for all y e 1n( 4)
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Similarly, using (3) instead of (2),

ytEt(2DA)Ey k a(EtAE) yty for all y e Rn .  (5)

tt
Adding %(EtAE) times (2) to -aI(EtAE) times (5).

{o(tA ) + %(Et AE))yEAy - 2a(EtA) y t t DRy S 0

so that

2aI (EtAE) t
yEAEy S ytEtDEy for all y e R. (6)

a (EtAE) tt AE )

Similarly, adding a (EtAE) times (3) to -en(EtAE) times (4).

(a (EtAE) + an(EtAE)) ytEtAEy - 2n(EtAE) ytEtDEy k 0

so that

2an(EtAE) tyAEy k ---- ytDEy for all y e Rn . (7)
a 1 (EtAE)+%(E tAR)

Now let E e A(mn-m) with Et = cD- for some positive constant c.

Since E is nonsingular, taking y = EIEx in (6).

2a (EtAE)
Aft S ----------------- x EDEx for allx x c n .

a1 (ErAE)* an(EtAE)

But

EtDE Et (cEE -E K = cInn

so that

2c 1 (EtAE) t
xtt tCx ------------------A x for al x R. (8)

a I(EtAE)%(EtAS)

Similarly, using (7) instead of (6),
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2can(EtAE)
xEA~z Z -------- x x for all x c~ (9)

a (EtAE)+%(EtAE)

Therefore, by the Rayleigh principle,

2ce (EtAE) i 2ca 1(EtAE)
----- - S (iEtAE) m - -(-t-) -

al(EtAF)4ctn(EtA )  a1( Et At) +a n ( Et AE)

so that

K (EtA ) _- it~

2c I (EtAE) / 2ca(EtAE)

(Et)+%(Et)-+--

S ( K(EtAE)

=-----------------

c~n_. n

t" (E AE)

n
QED

late that if E e A(mon-m) satisfies the conditions of Theorem I, then

tCE cI

and the diagonal blocks of itAl are comon multiples of the identity

matrix. Therefore:

Zazalz 1s If D = cm for some positive constant c, then A is optimally

conditioned with respect to (u.n-u).

lowever, not all optimal scalings I A(m.n-m) of A satisfy Theorem 1.

For example, the matrix

-5---
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A 01
A 0 21

is optimally conditioned with respect to A(2.1) for 1 : p < 3 (cf. Forsythe

and Strauss Ell).

3. Optimal Block Diagonal Scaling of Block 2-Cyclic Matrices

Let A be a symmetric positive definite block 2-cyclic matrix. Then.

without loss of generality (by symmetrically permuting the rows and

columns). A can be written as a t x t block matrix of the form

0 ... 0

0 ... 0t Ct

0 0 ... D
A = r

Dr+1 0 0 0

0 D ... 0C r+2

0 0 ... Dt

where Di is ni x ni and C is m x n-m with m : n1 + n2 + .. + nr and

n I + U ... n t  Moreover* the block diagonal matrix

D 0 .. 0

0 D2 ... 0

D : :

0 0 ... Dt

is again symmetric positive definite and hence nonsingular.
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Extending the previous definition, let A(n1.n2 ,...,n t) denote the set

of AU0 nonsingular t x t block diagonal matrices of the form

E E1  0 .. 0

0 E2  ... 0

0 0 ... t

where E. is n. x n.. The following result characterizes a class of optimal

scalings E e A(nln 2*...,nt) for A.

C lXyi.1ax i If E A(n1*n2 ,... nt) and EEt = cD- for some positive

constant c, then

K(EtAE) min {K(EtAE) I E e A(nln 2 .... nt))

= min {K(EtAE) I E e A(mn-m))

Therefore, if D = cl for some positive constant c. then A is optimally~n

conditioned with respect to both h(nl.n 2 ... ,nt) and A(m.n-m).

Proof:

Since E e A(nn 2 ,....n t) c A(mn-m), the result follows imediately

from Theorem I and Corollary 2.

QED

'Forsythe and Strauss Ell proved that a (point) 2-cyclic matrix is

optimally conditioned with respect to the class of all positive diagonal

matrices if the diagonal entries are all equal. This is the special case

An alternate proof is given in Young [23.

* 'm-
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n. I of Corollary 3. However, as the Corollary also shows. such a matrix

in optimally conditioned with respect to the much larger class AMmn-m) of

2 x 2 block diagonal matrices.
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